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Solving problem of thermal radiation by the lattice Boltzmann 
method (LBM). 
 
 
Abstract: 
Usage of the lattice Boltzmann method (LBM) has been extended to analyze radiative transport 
problems in an absorbing, emitting and scattering medium. In terms of collision and streaming, the present 
approach of the LBM for radiative heat transfer is similar to those being used in fluid dynamics and heat transfer 
for the analyses of conduction and convection problems. However, to mitigate the effect of the isotropy in the 
polar direction, in the present LBM approach lattices with more number of directions than those being used for 
the 2-D system have been employed. For the purpose of validation, the results of C. Mishra et al, obtained in the 
case of a square cavity subjected to imposed wall temperatures were used as reference to check the validity of 
our code. Temperature and heat flux distributions have been obtained for a wide range of the extinction 
coefficients. A good comparison has been obtained. 
Keywords: Radiation-2D rectangular enclosure-Participating medium-LBM. 
 
Introduction:  
In the recent years, usage of the lattice Boltzmann method (LBM) as an alternative approach to the 
conventional computational fluid dynamics (CFD) solvers such as the finite element method (FEM), the finite 
difference method (FDM) and the finite volume method (FVM) has gained momentum. As a different approach 
from the CFD solvers, the LBM uses simple microscopic kinetic models to simulate complex transport 
phenomena. In comparison to the CFD solvers, the advantages of the LBM include among other simple 
calculation procedure, simple and efficient implementation for parallel computation, easy and robust handling of 
complex geometries and high computational performance with regard to stability and accuracy. The LBM has 
found extensive usage in the fluid mechanics and its recent application to problems involving conductive, 
convective and/or radiative heat transfer has been very encouraging. Shan and Mezrhab et al. used the LBM to 
analyze the convective flows. Ho et al. solved a non-Fourier heat conduction problem in a planar medium using 
the LBM. Solidification of a planar medium using the LBM was analyzed by Jiaung et al.. Chatterjee and 
Chakraborty used the LBM to analyze solid–liquid phase transitions in the presence of thermal diffusion. Mishra 
and Lankadasu applied the LBM to solve the energy equation of transient conduction and radiation heat transfer 
in a planar medium with or without heat generation. They used the discrete transfer method (DTM) to compute 
the radiative information. Mishra et al. used the LBM to solve the energy equation of a transient conduction–
radiation heat transfer in a 2-D square enclosure. In their study, they used the collapsed dimension method 
(CDM) to compute the radiative information. Application of the LBM to analyze the solidification of a 
semitransparent planar layer was extended by Raj et al. They used the DTM to compute the radiative 
information, recently Mishra et al.[10] compare the four radiative transfer methods (DTM,MCM, DOM and 
FVM) in Solving Multi-Dimensional Radiation and/or Conduction heat transfer problems . Thus, the radiative 
information computed using these methods.Very recently, Asinari and co-workers have extended the application 
of the LBM to solve a benchmark radiative equilibrium problem involving a 2-D rectangular enclosure [11]. The 
LBM was found to have an edge over the FVM. In this application of the LBM considered in Asinari et al., the 
source of radiation in the medium was diffuse. 
 
Formulation: 
 
 The 2D rectangular geometry under consideration is shown in Fig. 1. The participating medium 
is assumed to be homogeneous, absorbing, emitting, scattering and all the boundaries are diffusive and gray. 
 
Fig (1): Geometry and the coordinates of the problem under consideration. 
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The Radiative Transfer Equation (RTE) in any direction s

 identified by the solid angle   about an elemental 
solid angle d  is given by: 
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Where I  is the intensity, aK  is the absorbing coefficient, s  is the scattering coefficient,   is the scattering  
phase function and s  is the geometric distance in the direction s

. 
Or 
a s
k     is the extinction coefficient and 
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  is the blackbody intensity, so equation (1) can 
be rewritten as: 
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Since the only heat transfer mechanism under consideration is the radiation. If scattering is assumed isotropic, 
'
( , ) 1     and if radiative equilibrium is assumed, it implies that the volumetric absorption G  equals the 
volumetric emission 4
b
I , so that . 0
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 which 
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is the radiative heat flux, and its divergence is defined as 
follows: 
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  So, equation (2) can be rewritten as: 
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For discrete directions having index i , equation (3) is written as: 
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Where 
i
I  is the intensity in the discrete direction, divide this equation by c , equation (4) can be rewritten as: 
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Where c  is the speed of light. Actually equation (5) is the starting point for the radiative LB scheme. 
Assuming fictitiously that 
i
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
 and multiplying equation (5) by 
i
e
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 we obtain the following equation: 
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In order to obtain the usual LBM formulation, integrating equation (5) along the characteristic directions and 
keeping the right-hand side constant during the discretization step, the following equation is derived: 
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So, it is possible to introduce a relaxation time  
i
  by:
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Thus in the usual LBM formulation, equation (7) can be rewritten as: 
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According to LBM terminology, 
i
I  is the particle distribution function (PDF) and it is the carrier of the 
radiative energy. 
eq
i
I is the equilibrium distribution function equal to 
4
G

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The incoming unknown PDFs are computed from the knowledge of the temperature of the black boundary given by:
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The algorithm to solve equation (5) is usually split into two parts, which are called collision step and streaming 
step, are given by the following equations: 
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Numerical results: 
 
 The 2-D rectangular geometry under consideration is shown in Fig. 1. So, the proposed LB 
scheme has been applied to solve a 2-D square enclosure problem. In this work, it was assumed that
1
x y
L L  . A uniform mesh was chosen to optimize the relationship between accuracy and computation 
time, with x y   . For the purpose of validation, the results of C. Mishra et al [10], obtained in the case of a 
square cavity subjected to imposed wall temperatures were used as reference to check the validity of our code. 
Spatial discretization has been chosen in such a way that the Knudsen number is small enough to 
achieve stable solution with acceptable accuracy. In all cases, the following stability criterion holds: 
 
                                          0.05Kn x    
 
First, the south boundary of the 2-D enclosure is at hot temperature
s
T , and it is thus the radiation 
source in the medium. The three boundaries are cold (at zero temperature). The temperature of the medium 
inside the enclosure  
0 0
1
,
yx
LL
m
x y
T T x y dxdy
L L
     is unknown. 
In the present work, this was set on the incident radiation, and when, between two successive iterations, 
the maximum change in incident radiation at any point was less than  
6
1 10
  , the solution was assumed to 
have converged. 
In the present Lattice Boltzmann Method, and after many test of convergence, we use 3131 directions 
for 0.1,1,2,3,5   and 101101 directions for 10,15,20  . In the reference [10], the author compared 
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three methods (DTM, DOM, and FVM) by the MCM. Bellow we present comparison of results for radiation 
equilibrium problem. 
For the purpose of comparison, dimensionless heat flux in the south wall  
y
  and dimensionless 
emissive power    are defined as follow:
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The LBM results have been computed for the
2 16
D Q  lattices, which uses only 16 directions. We will 
compare our results obtained with LBM, with the results found by Mishra and co-works in reference [10] for 
different values of extinctions coefficients   for different number of nodes along x  and y axis   .x yN N  In 
Fig. 4a-4c, comparison of our results and results obtained in the ref [10] for non dimensional heat flux 
4
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along the south (hot) boundaries are compared, the LBM results were obtained by spatial meshes of  31 31  , 
101 101 nodes for 0.1,1,2,3,5  and for 10,20   respectively. In Fig. 4a comparison have been made 
for 0.1,1.0,2.0
 
and 3.0 . Fig. 4-b shows this comparison for 5.0,10 and 20 .In this case, and for 
radiative equilibrium, where the south wall is the source of radiation. So, it can be seen from fig. (4-a) and (4-b) that 
the results from the LBM scheme, for dimensionless heat flux along the south wall, are in agreement with those in 
the literature obtained by Mishra and co-works in ref [10] using four methods. So, you increase the value of the 
extinction coefficient   we note that the net flow of the south wall increases. In addition, we increase the value of
 , we note that the difference between the values of the heat flux at the center of the south wall and that near the 
side wall increases. 
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Fig (4): Comparison of dimensionless heat flux 
y
 along the south wall for extinctions coefficient (a) 
0.1,1.0,2.0 and 3.0 ; (b) 5.0,10 and 20 . 
 
This is because, that if we increase the value of  , we see that the environment (medium) becomes more 
radiatively participating and the center of each wall receives the maximum radiation from the center, compared to 
the rest of all the points of this wall. We note, therefore, that the net heat flux at the center is the most reliable. It is 
seen from Fig. 4a-4b that for all values of the extinction coefficient  , results of the LBM follow the trend and also 
compare closely with those of the ref [10], specifically for large values of extinction coefficient 10.0,20.0  .  
Similarly, a comparison between our results by the LBM scheme and the results obtained by Mishra et 
al. Ref [10], for the centerline 0.5,
x
x y
L
 
 
 
  dimensionless emissive power   for different values of 
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extinctions coefficient  . In Fig. 5a-5b and 5c, results are compared for 1.0,2.0  and 3.0 , for 31 31  
nodes, in Fig. 5d-5e and 5f, results are compared for 101 101  nodes for 5.0,10.0  and 20.0 , 
respectively. 
 
We note from Fig (4-a), for a low value of the extinction coefficient  1.0  , and for our result of LBM, 
there are numerical oscillations. So, when the value of extinction coefficients increases, the temperature at the walls 
decreases and the medium becomes more diffusive. For higher values of the extinction coefficient, the emissive 
power   computed using the LBM formulation is in very good agreement with results obtained in ref [10]. 
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Fig ( 5): Comparison of centerline 0.5,
x
x y
L
 
 
 
dimensionless emissive power  for (a) 1.0  , 
(b) 2.0  , and (c) 3.0  . 
 
Conclusion: 
 The usage of the LBM was extended to solve radiative transport problems in an absorbing, 
emitting and scattering medium. A 2-D formulation of the LBM was developed for the analysis of 
radiative transport problems. The formulation was tested for radiative equilibrium problems. To 
validate ower LBM results the problem was compared with results in literature and a good 
comparison hase been obtained. A further careful look is needed to study the methodology to 
improve its accuracy and to test it for other types of problems, especially the combined mode 
problems which are computationally very expensive. Work in this direction is underway. 
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